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Abstract: We consider 3d V = 1 M-theory compactifications on Calabi-Yau fourfolds, 
and the effective 3d theory of light modes obtained by reduction from eleven dimensions. 
We study in detail the mass spectrum at the vacuum and, by decoupling the massive 
multiplets, we derive the effective 3d V = 1 theory in the large-volume limit up to quartic 
fermion terms. We show that in general it is an ungauged M = 1 supergravity of the form 
expected from 3d supersymmetry. In particular the massless bosonic fields consist of the 
volume modulus and the axions originating from the eleven-dimensional three-form, while 
the moduli-space metric is locally isometric to hyperbolic space. We consider the F-theory 
interpretation of the 3d V = 1 M-theory vacua in the light of the F-theory effective action 
approach. We show that these vacua generally have F-theory duals with circle fluxes, thus 
breaking 4d Poincare invariance. 
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1. Introduction 


Perturbative vacua of string theory can be constructed by extremizing the low-energy effec¬ 
tive action (leea), i.e. the generating functional of one-particle irreducible Green’s functions 
for the ten-dimensional massless fields. The leea can be constructed systematically to any 
desired order in the string coupling and in a', at least in principle, either by sigma-model 
perturbation or by scattering amplitude methods. In the large-volume limit of M-theory 
compactihcations the analog of the o! expansion is an expansion in powers of the Planck 
length Ip which, in units where the compactification radius is equal to one, becomes a small 
dimensionless parameter. 

In M-theory the leea cannot be constructed systematically from first principles, because 
of the lack of a complete microscopic formulation of the theory, but it can by argued that 
anomaly cancelation together with supersymmetry should suffice to uniquely constrain the 
leading-order correction which occurs at order if, [1]. Moreover in certain cases a general 
inductive argument based on supersymmetry can be formulated to show the existence of 
supersymmetric vacua of M-theory to any finite order in Ip [2]. 

3d M-theory ffux vacua with J\[ = 2 supersymmetry (four real supercharges) from com- 
pactihcation on Calabi-Yau (CY) fourfolds were constructed in [3]. They were shown to 
solve the eleven-dimensional equations of motion of M-theory to order if, in [4], as recently 
reviewed in [5] in a scheme where the lid equations of motion are solved perturbatively in 
an expansion in powers of Ip. The four-form flux in these vacua is “small” as it is quantized 
in units of Ip. Interestingly the tadpole cancelation constraint that the flux in these vacua 
has to satisfy arises at order Ip in the equations of motion, whereas the flux itself is 0{lp). 

The vacua of [3] constitute the starting point of many F-theory constructions [6], see [7] 
for a review. Although this has not been proven to date, it is believed that these vacua 
should survive to all orders in Ip. More precisely this means that to any finite order in 
Ip the metric of the fourfold can be corrected so that M = 2 supersymmetry is preserved 
to that order. This has recently been partially verihed in [5] where it was shown that the 
metric gets corrected at order if, away from the Ricci-flat CY metric while still retaining 
its Kahler property. 

In [8] it was shown that some of the conditions of [3] can be relaxed in order to obtain 
three-dimensional M = 1 vacua on CY fourfolds solving the M-theory equations of mo¬ 
tion to order Ip. These vacua can also be seen from the point of view of the effective 
three-dimensional theory arising from M-theory compactification on CY fourfolds: M = 2 
gauged supergravity in three dimensions [9, 10]. From the point of view of the effective 
3d theory they arise as partially supersymmetry-breaking vacua spontaneously breaking 
supersymmetry from M = 2 to M = 1 [11]. 

Given the central role of the M = 2 vacua for F-theory it is important to study the 
properties of their J\[ = 1 spontaneously-broken counterparts in more detail. In the present 
paper we perform a Kaluza-Klein (KK) reduction of the lid theory around the M = 1 
vacuum of [8] up to quartic fermion terms. It is interesting to note that the quadratic 
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fermion terms are linear in the flux and are thus of order Ip; they capture the superpotential 
and the “real superpotential” of 3d gauged M = 2 supergravity, both of which are linear in 
the flux and hence are visible at order l^p. With this information one can then compute the 
potential of the effective 3d theory exactly to order Ip-, since the latter is quadratic in the 
superpotentials, one does not need to know the 0{lp) corrections to the superpotentials or 
the Kahler potential in order to compute the potential to order Ip. 

Moreover at the vacuum some of the fields will generally obtain masses. These are linear 
in the flux and are hence of order Ip. Contrary to the bosonic mass terms which enter 
quadratically in the 3d action and are thus of order Ip, the fermionic mass terms enter 
linearly and are of order Ip. he., if one only looks at the bosonic part of the action, one 
needs the 0{lp) terms in order to read off the masses. However this same mass spectrum 
is already accessible at order Ip, provided one looks at the quadratic fermion terms. 

A related observation is the following. In a KK reduction around a fluxless vacuum, the 
light modes of the 3d effective theory can be obtained by giving 3d spacetime dependence 
to the parameters (moduli) of the lid solution. Turning on flux results in some of the 
moduli being lifted. Since their masses at the vacuum are linear in the flux and are thus 
of order Ip, they can be taken to be much smaller than the KK scale. To order Ip it is 
therefore justified to keep the same light mode expansion in the case with non-vanishing 
four-flux as in the fluxless case. The expansions for the light modes will generally get 
modified at order Ip, where the fourfold geometry gets corrected away from Ricci-flatness 
[5, 12]. However these modihcations are subleading, as far as the mass spectrum of the 
light modes is concerned, and will not be necessary for our analysis.^ 

In the present paper we study in detail the mass spectrum of light fields of the 3d effective 
theory at the M = 1 vacuum. In particular we show how the original M = 2 massless 
supermultiplets get reorganized in terms of AA = 1 massive and massless supermultiplets. 
By decoupling the massive supermultiplets we derive the M = 1 effective theory below the 
partial supersymmetry-breaking scale up to quartic fermion terms. We show that it is an 
ungauged M = 1 supergravity of the general form expected by 3d supersymmetry [13, 14]. 
In particular the massless bosonic fields below the partial supersymmetry-breaking scale 
consist of the volume modulus and the “axions” originating from the eleven-dimensional 
three-form. Moreover the moduli-space metric is locally isometric to hyperbolic space. 

We next consider the question of the F-theory interpretation of the M = 1 vacua of [8]. As 
we review in the following, a dictionary was put forward in [15, 16] relating the 3d = 2 
gauged supergravities arising from M-theory compactifications on elliptically-fibered CY 
fourfolds to 4d AA = 1 effective actions from F-theory CY compactifications. In particular 
this relation imposes certain constraints on the four-form flux which should be obeyed 
for the M-theory compactification to admit an F-theory interpretation. We show that M- 
theory CY compactification down to with four-flux as in the J\f = 1 vacua of [8] is dual 
to F-theory compactihcation down to x Moreover the latter breaks 4d Poincare 

^The observations of the three previous paragraphs might be relevant in understanding the nontrivial 
cancellations observed in [12] among some of the terms in the 3d A/” = 2 effective action at order 1%. 
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invariance, even in the large radius limit, due to the presence of quantized “circle fluxes” 
threading the S^. The question of whether or not the F-theory dual preserves 4d Poincare 
invariance translates on the M-theory side to the question of whether or not the four-form 
has exactly one leg on the elliptic hber [17],^ so the presence of the circle fluxes can also 
be understood from this geometric perspective. 

The outline of the remainder of the paper is as follows. In section 2 we review the 3d 
M = 1 M-theory vacua of [8]. Section 3 first reviews the 3d A7 = 2 effective supergravity 
obtained from the KK reduction of M-theory in the presence of flux. Section 3.1 then 
analyzes the spectrum of masses at the M = 1 spontaneously broken vacuum and reviews 
the different super-Higgs mechanisms. The 3d A7 = 1 effective supergravity below the 
partial supersymmetry-breaking scale is given in section 3.2. In section 4 we first review 
the F-theory effective action approach of [15, 16] before giving the F-theory interpretation 
of the M = 1 M-theory vacuum of [8]. We conclude in section 5. To keep the presentation 
simple we have moved most technical details to the four appendices. 


2. Three-dimensional J\f = 1 solutions from CY fourfolds 


Let us review the 3d A7 = 1 vacua arising from M-theory large-volume compactification 
on CY fourfolds [8]. The perturbative expansion in Ip is justified provided Ip is small 
compared to some other length scale. The latter will be taken to be the ‘radius’, ^int, of 
the internal CY manifold at the vacuum, which we define by; 

hnt-=V^ , ( 2 . 1 ) 

where V is the volume of the vacuum CY.^ We will henceforth work with units where 
/int = 1, so that Ip is dimensionless and satisfies Ip « 1. 

The eleven-dimensional metric reads: 


ds^ = r/^j.dx^dx'" -h 5mndy™dy” -h 0 ( 1 %) , (2.2) 

where gmn is a CY metric; fi = 0,1, 2, and y™, m = 1,..., 8, are 3d spacetime and 
internal CY coordinates respectively. 

The four-flux reads: 


Gmnrs CrYnnrs 


+ 0{l%)-, G^,ps = 0{l%) 


(2.3) 


where 


G = g\J Reh 

V 1^1 y 


+ 5- 


( 2 , 2 ) 


(2.4) 


^The precise statement is that the integral of the four-form over any divisor of the base B of the 
elliptically-fibered CY, and the integral of the four-form over the elliptic fibration of any holomorphic curve 
in B must vanish. 

note on notation: the circle over V is used to distinguish the moduli-dependent volume, V, from the 
value of the latter at the vacuum, V. This distinction will become important in the following, cf. section 3. 
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with g an order-/p real constant and an order-/p ( 2 , 2 )-primitive four-form; (J, Cl) 

denote the Kahler form and holomorphic four-form of the vacuum CY respectively.^ Setting 
g = 0 reduces to the M = 2 vacuum of [3]. 

The equations of motion to order Ip imply that G = G must be harmonic, 

dG = d* 8 G' = 0, (2.5) 


and, in the presence of Nm 2 M2-branes, satisfies the tadpole cancellation condition, 


1 

2(27rfp)6 



G AG + Nm2 


xjMs) 

24 


( 2 . 6 ) 


where is the Euler character of the fourfold. We will henceforth set A^m 2 = 0. 

In addition the four-form flux is subject to the quantization condition [18]: 


[g] 

(27r/p)3 




(2.7) 


where [G] is the cohomology class of G. Let us expand the four-form at the vacuum as 
follows: 

bi 

G = (2.8) 

where Wj, i = 1,..., 64 , are harmonic four-forms on the vacuum CY so that the [wjj’s form a 
basis of the integral cohomology //^(Yfg, Z), and we have taken into account that G = G is 
harmonic. Furthermore let G, i = 1,..., 64 , be a basis of so that G is Poincare 

dual to [oji]. The wedge product of the Wj’s is normalized with respect to the volume of 
the vacuum CY, which we take to be equal to one as mentioned below (2.1): 



uji A ujj 



(2.9) 


where Wj G ^ is the oriented intersection number ^{Ci,Cj). The quantization condition 
(2.7) then imposes: 

c* = {2Trlp)^N^ , (2.10) 

where the N^’s can be integer or half-integer. Thus the flux is quantized in units of Ip in 
accordance with claim that the flux is small. 


3. Three-dimensional effective action 

In the case without flux (G = 0) let us collectively denote the bosonic parameters (moduli) 
of the vacuum solution, to be described in more detail in C.l, by 

, (3.1) 

^The different normalization with respect to (3.19) of [8] is due to the fact that P therein is identified 
with Cl of the present paper, cf., (B.5). 
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where A = 1,..., h^’^; a = 1,..., I, ■ ■ ■, , and are the Hodge numbers of the 

CY fourfold. The are real scalars parameterizing Kahler deformations, while the Z°‘ are 
complex scalars parameterizing complex structure deformations of the CY, cf. (C.3). The 
are complex scalars (axions) parameterizing a torus of complex 

dimension while are 3d vectors; both originate from the eleven-dimensional three- 
form, cf. (C.9). 

These parameters are the coordinates of the moduli space of solutions to the equations 
of motion of eleven-dimensional supergravity. In order to obtain the 3d effective action 
capturing the physics of small fluctuations around the vacuum, defined to correspond to 
the point $ in the moduli space, we promote the moduli variations (5$ to 3d spacetime 
fields (5^(x) so that: 

$—> $(x) := 4>(5d>(x) . (3.2) 

The procedure described above is equivalent to a KK reduction with the infinite KK tower 
truncated to the massless level. Turning on the four-flux {G A 0) results in some of the 
moduli obtaining masses at the vacuum, which are linear in the flux and are therefore 
of order /p. Since these masses can be taken to be much smaller than the KK scale, it 
is justified to keep the same light mode expansion in the case with non-vanishing four- 
flux as in the fluxless case. Although! the expansions for the light modes will generally 
get modified at order 0{lp) [5, 12], these modifications are subleading as far as the mass 
spectrum is concernced and will not be necessary for our analysis. 

We then insert the expansions (C.l) in the eleven-dimensional action® 

S = S^ + S^ + 0{l%) , (3.3) 

where the bosonic and fermionic parts of the action are given respectively by [20], 

^ / d^^x^g[R{g) - -^JgaGaG, (3.4) 

and 

(3.5) 

where guN, Gmnpq and V’M are the eleven-dimensional metric, four-form flux and grav- 
itino respectively; the ellipses in (3.5) denote the quartic fermion terms, whose explicit 
form will not be necessary in the following. 

Next we keep only up to terms quadratic in the fluctuations. For this last step it is 
important to note that does not depend on the spacetime coordinates, so that (9^4>(x) 
is linear in the variations. Finally integrating over the internal CY coordinates, and after 

®Supersymmetry alone allows for a supersymmetric correction to eleven-dimensional supergravity already 
at order 0{l%) [19]. 
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certain standard manipulations described in more detail in appendix D, one obtains the 
bosonic part of the 3d effective action (D.39), or equivalently [9, 10]: 


gb 



GAB{duM^d^M^ + 


- 2G^-pduZ^d^Zf^ - 2GjjD^N^D^^N-^ 

- + 0 ( 1 %)} , 

(3.6) 


where the various sigma-model couplings are defined in appendix D; is related to 
via (D.40). Note that the last Chern-Simons term is linear in the flux and hence of order 
Ip] all other terms are 0(1). 

The bosonic moduli are paired up with their fermionic superpartners, discussed in more 
detail in section C.2, to form 3d massless M = 2 supergravity multiplets: 


gravity: ; vector: ; scalar: (Z";A") , (iV'^;A^) , 


where X/i is a complex gravitino and A"^, A", A^ are complex 3d spinors. All multiplets 
contain 2-|-2 real bosonic and fermionic physical degrees of freedom except for the gravity 
multiplet which contains none. 

At the vacuum some of the fields will generally obtain masses. It is interesting to note that 
the fermionic mass terms enter linearly in the action, contrary to the bosonic mass terms 
which enter quadratically. Moreover, as mentioned earlier, the masses of the light modes 
are of order Ip hence the fermionic mass terms in the 3d action are order Ip whereas the 
bosonic mass terms, which are quadratic in the mass, are of order Ip. Therefore one does 
not need to know the 0{lp) terms in the 3d action in order to read off the mass spectrum. 
We will make use of this observation in section 3.1. 

3.1 Masses at the M = I vacuum 

For the purposes of this section, and this section only, we will fix all bosonic moduli to 

their vacuum values: —)■ 4>. We will however omit the circles above the bosonic fields to 

keep the notation simple. 

The direction of J inside defines a vector M^, cf. (C.8), while Va, defined in 

(D.4), can be thought of as its dual in view of (D.13). The projector Ra^, defined in 

(D.15), projects on the left onto the vertical space of while on the right it projects 
onto the vertical space of Va, cf. (D.16). Furthermore the projector Ra^ projects onto the 
direction of the primitive cohomology (with respect to J of the CY): 

o'a ■■= Ra^cb ; M^c'a = 0 , (3.7) 
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where the second equation follows from (D.16); defined above is indeed the primitive 
part of CA, = 0, as can be seen from (B.9),(C.8),(D.7): 

^A = e'A + -yJ ■ (3-8) 

Note in particular that there are {h^’^ — 1) independent e^’s, since there is one linear 
relation among them. 

Moreover we can use the projector to split the vector multiplets into horizontal and vertical 
directions. Explicitly for the fermions we define: 

A := := \^Ra^ = - AM^ ; VaA'^ = 0 , (3.9) 

where the last equation follows from (D.16). There are thus (/i^A _ independent A'^^’s 
such that: 

A^ca = A'^e(4 + A J . (3.10) 

Similarly for the vectors we define, 

A := ; A'^ := A^Rb^ = A^ - AM^ ; VaA'^ = 0 , (3.11) 

such that, in analogy to (3.10), 

A CA = Ac'aA J . (3.12) 

Moreover for the field-strengths we set: F := d^, F'"^ := 

The super-Higgs mechanism 

The super-Higgs mechanism by which the gravitino and vector AA = 1 multiplets obtain 
mass has been described in [21]. The massive M = 1 gravitino multiplet consists of a 
massive gravitino and a massive vector. In our case the massive gravitino results from 
eating the spinor field A"*". This can be seen by examining the quadratic fermion terms at 
the M = 1 Minkowski vacuum, cf. (D.54), (D.63), 

S = Jd^x 1/[3223(A+7"9.A+) - (4-7^""9,x;-) 

-%(x ^"- 2^32f5((A+7''x'“) - 2^3"^5r(A+A+) • • • ] , 

where the ellipses denote terms which do not contain x“ or A"*"; the volume factor comes 
from integrating over the CY coordinates. It can be checked that all dependence on A"*" 
can be absorbed by redefining: 

X^l = x'f^ + - 67/^^"^ > (3-14) 

so that in terms of the Lagrangian (3.13) takes the form: 

•S’ = / d^x V[{xt^7'"'^d^Xp) + Q9 {XiiX^''Xu) 


+ ••• 


(3.15) 



The volume factor can be reabsorded by performing the same Weyl rescaling as in (D.32), 
QfjLu —^ together with a rescaling of the fermions, upon which (3.15) 

becomes: 

•S’ = / d^x [{x^l'y^''^^uXp) + QgV~^ix^l7^''Xu) + • • • ] • (3.16) 

It follows from the resulting equation of motion that the Lagrangian above describes a 
gravitino of mass QgV~^. Recall that a massless gravitino in three spacetime dimensions 
does not carry any degrees of freedom. Thanks to the Higgs mechanism described above, 
the originally massless topological (non-propagating) gravitino becomes propagating by 
eating the one degree of freedom of the Goldstone fermion A^. 


The topological Higgs mechanism 


A similar situation occurs for the massless vectors, which carry no degrees of freedom in 
three dimensions. The Higgs mechanism in this case is somewhat unusual: it is topological, 
in the sense that the vectors become massive not by eating a Goldston scalar but rather 
by virtue of their Chern-Simons couplings [22, 23]. The relevant terms in the Lagrangian 
read: 

5 = j + e^^''PQABA^F^p + •••), (3.17) 

where we have restricted the scalars to their values at the N = 1 Minkowski vacuum and 
have omitted terms which do not depend on Evaluating the matrix ©as at the vacuum 
taking (D.38), (2.4) into account we obtain: 

Qab = Q'ab-9V{G'ab-Q^) , (3.18) 

where we defined, 


©AB ■=\J A CA A CB = ^ 

G'^b ■= Ra^Rb^Gcd = Gab - 2^^ , 


(3.19) 


and we used (D.4),(D.7),(D.10),(D.12); the second equality in the first line above follows 
from the fact that is primitive, and the integrand is a harmonic top form hence equal 
to a constant times the volume form. Note that G'^^ has rank (/i^A — 1), as follows from 
the properties of the projector Ra^, cf., (D.16). Inserting the explicit form of ©as into 
the Lagrangian we obtain. 


S 


d^x 1/2 + 65l/-7^"M^F,p 

-Ig'abF'p^F'^^'' + V-\e'AB - gVG'AB)e^''PA!^F'J^p +•••), 


(3.20) 


where we have taken (3.11) into account. From the first line of (3.20) we see that the 
vector A obtains a mass equal to GgV~^, i.e. degenerate with the mass of the gravitino 



Xfi discussed previously.® From the second line of (3.20) we see that the vectors will 
also obtain masses in general; the number of massive vectors among the will be equal 
to the rank of the matrix in the parenthesis in the last line of (3.20): assuming G'j^^ is 
invertible and gr( 2 : 2 ) generic, this matrix will have maximal rank equal to (/i^d _ i). 

More specifically, as can be seen from (3.20), the masses of the are given by the 

eigenvalues of the matrix 

, (3.21) 

where we have taken into account that we can put G' in diagonal form: G' = S for some 
invertible matrix S of rank (/i^d _ i), Xhe upshot is that the Chern-Simons terms will 
generally give masses to all vectors and there is always one vector whose mass is degenerate 
with that of the massive gravitino: 

= 'ni-x ■ (3.22) 

Moreover from (D.54),(D.63),(3.19) we obtain the following quadratic fermion terms at the 

AA = 1 Minkowski vacuum, 

S = j d^xy^ (iG(,5[(A'^+7-V,A'^+) + (A'^-7"V,A'^-)] 

-V-\Q'^s-9yG'AB)&^^>^'^^) (3.23) 

—V ^(O'ab + G'ab)0^'^ ) + • • • ) ) 

where the ellipses denote terms which do not contain A'"^; we have also performed the 
same Weyl rescaling as in (D.32), —)■ y~‘^g^y, together with a rescaling of the fermions, 

X'A 2-2 F2A'^ in order to get canonical kinetic terms. Reasoning as before, we see that 
for generic and invertible G'ab the A^"^^’s get masses at the M = 1 vacuum.^ It can 
also be seen, by comparing (3.20) and (3.23), that the masses of the A'"^''“’s are degenerate 
with those of the (/i^d _ i) vectors A'^: 

rriA' = 'nixi+ ■ (3.24) 

The mass terms of the complex scalar moduli can also be read off from (D.53),(D.62), 
giving a contribution to the 3d Lagrangian proportional to: 

£ ~ (l>^ • 4>^) [(A“VV.Ad) + 35(A“^Ad)] + + ex. + • • • . 

(3.25) 

We see that generally, for 5 7 ^ 0, all complex structure moduli obtain masses. 

®In three spacetime dimensions a vector of mass m can be described by a Lagrangian of the form 

^Even with the partial supersymmetry-breaking parameter switched off, p = 0, it follows from (3.23) 
that Kahler moduli other than the volume modulus may generally get masses depending on the form of 
Q'ab- Anticipating the F-theory interpretation let us mention that for compactifications on smooth, full 
FFldl-holonomy CY fourfolds and four-fluxes that respect 4d Poincare invariance in F-theory, Q'ab vanishes 
identically (cf. the last paragraph of section 4). This is in accordance with the fact that in this case the 
potential for the Kahler moduli is flat at the classical level, see e.g. [7]. 
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3.2 Effective 3d AA = 1 supergravity 


From the previous analysis we have established the existence of the following massive AA = 1 
supermultiplets; 


gravitino ; ; vector; ; scalar: ) , (Z";A") , 


while below the mass of the partial susy breaking we have the following massless AA = 1 
supermultiplets; 


gravity: ; scalar: {V;X ) , {N^;X^) . 


(3.26) 


To lowest order in a scheme where the massive multiplets are integrated out®, the theory 
describing the massless multiplets is an ungauged M = 1 supergravity. In order to explicitly 
obtain this theory by reduction from eleven dimensions we must include all terms with 
bosonic derivatives, in addition to the terms of sections 3.1, D.2 which are obtained by 
considering the theory with all bosonic moduli frozen at their vacuum values. 

There are two sources of such bosonic derivative terms: the first comes from the reduction 
of the 'ip'^G terms in eleven dimensions with G dAi'^A^'-^ + c.c., cf. (D.34),(D.35) and note 
that upon setting to zero the massive Z" moduli the covariant derivative DN^ reduces to 
an ordinary one. We thus obtain: 


^ j + 12^^T^^^P^)GpQRs] 

^ i/ Gjj-[96CX-rX^)d^N-^ + l6CX^rYx'^^)d.N^] + c.c. 


(3.27) 


where we took (C.14),(D.44),(D.51) into account. 

The second source comes from the reduction of fermion kinetic terms in eleven dimensions, 
by taking into account the decomposition of the eleven-dimensional spinor derivative; 

Vm'0 = Vm'0 + In V ( 7 ^ (g) 7 ^ 79 )^^ , (3.28) 

16 


where Vm'0 is the covariant spinor derivative of the CY fourfold. Note that in section D.2 
we made no distinction between V^V’ and Vm'4’- Indeed we see explicitly from (3.28) that 
the two coincide for V ^ V. The equation above can be easily derived by decomposing 

®This simply corresponds to setting all massive multiplets to zero. Carrying out the integrating-out 
of the massive multiplets beyond leading order is outside the scope of the present paper, and is likely to 
be very difficult in practice. If one is to consider the W = 1 theory as a Wilsonian effective action, the 
higher-dimensional couplings induced by integration over the high-momentum shells of the path integral 
cannot be determined unambiguously unless one is able to trace their origin in M-theory or in IIA string 
theory. However these next-to-leading order higher-derivative couplings are only partialy known. 
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the eleven-dimensional spin connection into its three- and eight-dimensional components. 
Explicitly we have: 


^mnp ^mnp 


^ piVp 


UJ. 


— _ fj Iti n 

mnpL “ o ^ 


= 0 
^mvp ^ 


(3.29) 


In section D.2 we show that freezing the bosonic moduli to their vacuum values implies 
the vanishing of and V^V’/i- This is no longer the case here. Specifically taking 

(3.28),(C.14),(D.51) into account while setting to zero all massive fermions we obtain the 
following terms: 




1 


[99^E(A-7"7^x'.+)J , (3-30) 
in addition to the 3d kinetic fermion terms already derived in section D.2: 

\Jc\ I „ „ 1 I 


1 


^ / d3xyT^E{(x;VV,x;,+) + 3223(A-7"V,A-) + 27 + c.c. 


(3.31) 

The latter are obtained from (D.54) by setting to zero the massive fermions, integrating 
over the CY fourfold and taking (D.44) into account. 

Up to quartic fermion terms, the complete fermionic action is given by the sum of (3.27), 
(3.30), (3.31). In order for the kinetic terms to be canonical we need to rescale the fermions 
in addition to the Weyl rescaling (D.32). Specifically we require the following rescalings: 


9fj.u ^ ^ O/Mu ) X 


/-I- 


v-h ';; 


A" 


3 -I 2 - 2 U 2 A- 


A' 


2-2V2y 


(3.32) 


upon which the three-dimensional action becomes: 

^ J d^xyr^ [r - In In U - 2Gijd^N^d^N-^ 

+ (x;+7^""V.x;+) + (A-7"V.A-) + 2G,j(y7"V.A''^) 

+ ^5^1nU(A-7Vx'+) + [G,j(AV7"x;+)5.iV^ + -Lq^ jix-+ c.c.] } , 

(3.33) 


where we have reinstated the kinetic terms for the massless bosonic moduli from (D.39) 
and we have also rescaled —)■ /y/2 as before. In deriving the above form of the 

action one has to take into account the effect of the Weyl transformation on the spinorial 
derivative: 

^vX ^vX - ^7i^pX dnn V . (3.34) 

Note also that below the scale of the partial supersymmetry breaking the volume V, the 
bosonic superpartner of A“, is the only massless bosonic modulus among the M"^’s. The 
fact that its kinetic term is not canonically normalized can be understood as follows: 
Parameterizing the Kahler moduli as a function of V we have: 

^ ; M^M^Gab = " ’ ( 3 - 35 ) 


12 - 



where we took (C.8),(D.3),(D.14) into account and we have reinstated V which was hitherto 
set equal to one. Inserting the above in (D.39) we arrive at the kinetic term for V appearing 
in (3.33). 


To read off the geometry of the (classical) moduli space let us define 


U := 


2\/2 


Inl/ 


Hjj:=eV-^Gjj 


(3.36) 


so that Hjj is a constant metric, as follows from (D.19),(3.35) and the fact that dj^jj is 
independent of the Kahler moduli. Then the metric Q of the moduli space reads: 

GuudU^ + [Gij5N^6N-^ + C.C.] = 5U^ + 2e~~^Hjj6N^5N^ , (3.37) 


as can be seen from (3.33),(3.36). This is the geometry of a flat complex /i^’^-torus, pa¬ 
rameterized by , fibered over the real line parameterized hy U; it is locally isometric to 
hyperbolic space. 


Furthermore one can show that (3.33) is of the general form of a three-dimensional J\f = 1 
ungauged supergravity action [13, 14]. To see this note that the non-vanishing Christoffel 
symbols associated with the moduli-space metric (3.37) are given by: 

= ^Ifj = 

where we used the fact that Hjj is constant. Up to quartic fermion terms, the action can 
thus be rewritten as 

= ^ / {r - Guud,Ud>^U - 2gjjd^N^dmJ 

+(4^7^""v,x'+) + et/c/(A-7"v,A-) + 2gjjCx^Yv,x^'^) + guu(\-i^rx!;^)d^u 
+ [e/,j(AV7"x;+)9.iV'' + guur^jj{\-l^\')d^N-^ + g,jrJ^(AS^A-)5^iV^ + c.c.j } , 

(3.39) 

which is precisely of the expected form of ungauged three-dimensional supergravity as given 
in [13, 14].9 


4. F-theory lift 

For the F-theory interpretation of the AA = 1 vacuum we will use the approach developped 
in [15, 16]. We will first review this approach following closely the conventions and notation 
of these references.^® 

®To identify (3.39) of the present paper with the action given in eq. (2.23) of [13] one must set N — 1 
therein and accordingly drop the I index, which also implies that one must set Qj'’ = 0 in eq. (2.24) of [13]. 
Furthermore the real scalars there are identified with ,\mN^) here; the Majorana fermions x* 

there are identihed with (A“,A^^) here; the gravitino tpij, there is identified with x[A here; the metric Qij 
there is identified with the moduli-space metric G here. 

^°For this section, and this section only, the index a will be used to enumerate the vertical divisors of 
the elliptically fibered CY fourfold; it should not be confused with the index a elsewhere in the text, which 
is used to enumerate the complex structure deformations of the CY. 
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In section 3 we considered M = 2 M-theory compactifications on a generic CY fourfold X. 
Suppose that X is elliptically fibered, i.e. there exists a holomorphic projection tt : X ^ B 
of X onto a Kahler threefold B with generic fiber an elliptic curve. Let us call the two 
one-cycles of the two-torus the A- and the B-cycle, 5;^, respectively. In the limit of 
small elliptic fiber, to be defined more precisely in the following, considering fiberwise the 
compactification of M-theory on 5;^, we obtain a type IIA string theory on i? x S'jj. Further 
T-dualizing along gives type IIB on B x where is the T-dual of The IIB 
theory thus obtained has a varying axio-dilaton given by the complex structure modulus of 
the elliptic fiber of Y; it also contains D7-branes wrapping divisors S G B, with S given by 
the set of points of B over which the elliptic fiber degenerates (generally this means that a 
one-cycle shrinks to a point). Taking the volume of the elliptic fiber to zero decompactifies 
resulting in a four-dimensional M = 1 IIB string theory compactification on B with D7 
branes and varying axio-dilaton [6]. Away from certain special limits [24, 25], this theory 
is nonperturbative and is refered to as ‘F-theory on X\ 

The type of degeneration of the elliptic fiber over the divisor S determines the F-theory 
gauge group G. In the case where G is non-abelian, X itself is singular. To be able to 
obtain the effective action of M-theory on X we will require that the singularities of X 
have been resolved by blow-up, leading to a smooth CY fourfold X. For ADE groups 
this process is well understood and entails replacing the singularities of X by exceptional 
divisors Di, i = 1,... ,rank(G), which are bundles over S. At generic points of S the 
intersection form of the Dj’s is given by the Cartan matrix Gij of G. 

A four-dimensional M = 1 supergravity with a given gauge group G and a given number of 
chiral- and vector-multiplets, nc,n^ respectively, is determined by a Kahler potential K, a 
holomorphic superpotential W and a holomorphic gauge coupling function r. Determining 
the effective action of F-theory means specifying (G, ric, n„, K, IT, r) in terms of geometric 
data of the elliptic fibration of X. In the absence of a microscopic formulation of nonper¬ 
turbative IIB string theory, one must proceed indirectly from M-theory on X, following the 
dualities described previously. The three-dimensional M = 2 effective action of M-theory 
on X, whose bosonic part is given in (3.6), should then match the three-dimensional M = 2 
low-energy effective action of F-theory on X further compactified on Obtaining 

would entail integrating out all KK and winding modes of F-theory to a scale below the 
lowest massive mode. This would be difficult to achieve in practice but can be explicitly 
performed for certain protected couplings of Chern-Simons type [26, 27]. 

As a result of the resolution X —)■ X only a broken (Coulomb) phase of the F-theory 
effective action Sf is directly accessible from M-theory on X, and will in general include 
non-zero abelian gaugings and circle fluxes. The part of describing the Kaluza-Klein 
zeromodes is obtained by circle reduction of a four-dimensional AA = 1 supergravity action 
[28]. In the Coulomb phase the bosonic part of the latter reads; 

(4.1) 

where a = 1,..., Uc, i = 1,..., rk(G), and Gij is the Catan matrix of G. 
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The covariant derivatives of the scalars contain abelian gaugings parameterized by constant 
imaginary matrices Xia and, upon reduction on the gaugings induced by circle fluxes 
nia [16]:^^ 

VTa = dTa + imaA^ + XiaA'' ; rua ■= f (VlmTa) , (4.4) 

where A^ is the graviphoton of the circle reduction and the brackets denote the vev. 

To proceed with the comparison with the M-theory effective action we must refine the 
decompositions (C.8),(C.9) on the basis of forms on the resolved elliptically-fibered X. For 
that we take into account that is generated by ca = (eo,eQ,,ei), where: 

• eo is the Poincare dual of B 

• Ci, i = 1,... ,rank(G), are Poincare dual to the exceptional divisors Di 

• eo-, a = 1,..., are Poincare dual to the ‘vertical divisors’ Da of X, i.e. Da 

is of the form 7 r“^(D^) with D^ a divisor of B , 

and we have assumed for simplicity that there are no additional rational sections. In 
particular we have: 

(X) = 1 + rank(G) + (B) . (4.5) 

Accordingly (C.8),(C.9) give rise to /i^’^(X) vector multiplets whose 4d F-theory duals are 
identified as follows, focusing on the bosonic part of the multiplets [15]: 

• (M°, A°) lifts to the metric components ( 533 , 53 ^) 

• (M*, A*) lift to the the 4d abelian vectors A* 

• (M“, A“) dualize to 3d scalar multiplets and lift to 4d chiral multiplets Ta 


In the following we will make use of the intersection numbers: 


/ Ca/\ ejs A e.y A es = / e* A Cq, A A e.y = / cq A e* A A es = 0 

Jx Jx Jx 

Xija/S ■ — L 6i A 6j A Cq, a . - L Co A Cq, A 6/3 A e^Y , 


(4.6) 


^^Note the slight abuse of notation in (4.4): the A*’s are 4d vectors whereas the graviphoton is a 3d 
vector. Moreover the T*’s can have non-vanishing vevs along the Sg^; the definition of the circle fluxes in 
(4.4) ensures that TUa is invariant under large gauge transformations: 

X- ^ A" - pAe ; ImTc ImTc -f Op'Xic ; p* G Z , (4.2) 

where 9 is the coordinate of Sg^. In addition the covariant derivative is invariant under local 3d gauge 
transformations: 

T° —>■ T° — dA ; ImTa —>■ ImTa + niaX , (4.3) 

which can also be understood geometrically as diffeomorphism invariance under 9^9 + X{x^), where 
is a three-dimensional coordinate [16]. 
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where the explicit form of the coefficients Cjj will not be necessary in the following. Let 
us also note that: 

ci{B) = k'^CalB ; eo A eo =-7r*ci(5) A eo , (4.7) 

for some coefficients /?“. 

Furthermore we need to refine the decomposition (2.8) of the M-theory field-strength G on 
the basis of four-forms on X. As we will see in the following, in order to make contact with 
the 4d gaugings and circle fluxes that appear on the F-theory side, it suffices to consider 
the vertical part Gy of the partially supersymmetry-breaking vacuum (2.4). Recall that 
the fourth cohomology of X splits into a horizontal and a vertical part: 

H\X) = H%{X)®Ht.{X) , (4.8) 

where Hjj{X) is spanned by the complex-structure deformations of Q, such that 

Hjj = © 77^4 © 77^2 ^ ^1,3 ^ ^o,4 ^ ^4 9^ 

with 77^^ a subset of the primitive-(2,2) cohomology of X. On the other hand Hy{X) 
is generated by products of two elements of H^’^{X) and is necessarily of type (2,2). 
Explicitly, we may expand: 

Gy = N'^eo A Co + iVo, A e“ + /*"ej A A ej , (4-10) 


where the e“’s are pullbacks of forms on B that are ‘dual’ to the Bq-’s, in the sense that 



(4.11) 


Note that for X a CY with full 57/(4) holonomy (and not a subgroup thereof) H^{B) is 
generated by wedge products of two elements of H^'^{B). In particular this implies that 
all 4d Poincare-violating four-fluxes, i.e. those with two or no legs along the elliptic fiber, 
are contained in the vertical part of the cohomology. 

Moreover each e“ can be written as a linear combination of A ep and vice-versa. Taking 
(4.6),(4.11) into account this implies in particular: 


Coi A cp Kq^p^c 


(4.12) 


In general not all of the 6^ A ep's are linearly independent: in (4.10) it is understood that 
the No’s correspond to independent linear combinations of Cq, A ep's. 

Neglecting the dynamics of the scalars for simplicity, the part of the M-theory 
effective action (3.6) describing the dynamics of the vectormultiplets can be given in terms 
of the embedding tensor Qab of (D.38), and a Kahler potential K := —31nl/, where V is 
given in (D.3). Taking (4.6),(4.7) into account we find: 


77 = In In 


- \r- 

6 4M0 


m^m^m^m^c^)k^p^ + 


(4.13) 
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where the ellipses denote terms that should vanish in order for the result to agree, after 
dualization, with the zero-mode part of the F-theory action S^. References [15, 16] find 
that this can be achieved provided we take the following limit 

e := F-2 ^ 0 ; ~ ei ; M* ~ ; M" ~ (4.14) 

5 

while keeping only up to and including terms of order e 2 ^ in addition to shifting: 

(^“, M“) ^ {A^, M") + mO) . (4.15) 

Note that this is equivalent to shifting eo —)• cq + ^k'^Ca- Similarly the components of &ab 
can be computed using (4.6),(4.7); 

000 = r^C^)k^k^K^p^ ; 

00a = iNa - + PC^j)k^K^p^ ; 

; 

0oi = -\k°‘Qai ; 

0a/3 = \{N^ - 

0b = i - NaCfj) . (4.16) 

For those to agree with the F-theory gaugings in (4.4) we must have [16]:^^ 

1 % 

00a — 2^*^ ’ ' 000 — 0Oi — — 0^ — ® 

More generally however, it has been argued that taking into account loop corrections in 
the only constraints that need to be imposed for the M-theory vacuum to admit an 
F-theory interpretation without 4d abelian gaugings are [26, 27]: 

0a/3 = 0ia = 0 . (4.18) 

In addition demanding the vanishing of 4d Poincare-violating circle fluxes requires imposing 
the constraint: 

00a = 0 . (4.19) 

The F-theory limit of the M = 1 vacuum 

We would now like to examine the contribution of the partially susy-breaking part of the 
fourform (2.4), i.e. the part proportional to g, to the constraints (4.18),(4.19). For that, 

^^The scalars of the present paper correspond to of [15, 16] whereas the M^’s dehned in 

(D.40) correspond to (R, of those references. 

sign difference between the expressions in (4.16),(4.17) and those of [16] is due to the sign difference 
between our dehnition (D.38) of the embedding tensor and (3.31) of that reference. 
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only the vertical part of the fourform need to be considered: Gy '■= gj/\J. Using (4.6),(4.7) 
we compute: 


Gv = gV^i^eo A e«[2M°M“ - (M°)2A:“] + 

+ 2e« A A , 


(4.20) 


where we have set M ^ M for simplicity of notation; it should be kept in mind however 
that the right-hand side above should be evaluated at the vacuum. We impose that the 
components of Gy, when expanded on the basis of integral cohomology e^, should be finite 
in the limit (4.14); in addition we impose that Gy should be non-vanishing in that limit. 
From these two requirements it follows that g must scale as g = V~‘^gf, where gj is finite. 
Inserting this in (4.20) and taking the limit (4.14) we find: 

Gy . (4.21) 


This is of the form (4.10) provided we make the identifications: 

; iV“ = = 0 . (4.22) 

From (4.16) we then compute: 

007 = = -C)^-0O7 ; ©*« = ©oo = 0o* = 0^/3 = 0 . (4.23) 

We stress that, as remarked below (4.17), the non-vanishing of the 0jj components above 
is incompatible with the classical (tree-level) F-theory fluxes and requires taking loop cor¬ 
rections into consideration, cf. the last row of table (4.9) of ref. [27]. 

Comparing with (4.18) we conclude that the partially supersymmetry-breaking vacuum is 
consistent with an F-theory interpretation without 4d abelian gaugings. Moreover from 
(4.19) we see that it is 4d Poincare-violating in general since it contains non-vanishing 
circle fluxes, as can be read off from (4.17),(4.23): 

m7 = . (4.24) 

This comes as no surprise for compactifications on smooth, full SU (4)-holonomy CY four¬ 
folds. Indeed in this case it can be seen that four-fluxes that respect 4d Poincare invariance 
must necessarily obey G /\ ca = 0,^^ see e.g. [7]. This would in its turn imply the van¬ 
ishing of the partial supersymmetry-breaking parameter g, cf. (2.4), and the restoration of 
Af = 2 supersymmetry. 0ur analysis based on the F-theory effective action has allowed us 
in particular to refine this discussion to include smooth resolutions of singular CY’s. 

^^Strictly-speaking this equation is only true in cohomology. However, since G is harmonic in our ap¬ 
proximation, it follows that G A ca is harmonic and hence it also vanishes pointwise. 
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5. Conclusions 


We have derived the 3d W = 1 effective action in the large-volume limit, up to quartic 
fermion terms, describing M-theory CY compactifications with two real supercharges. This 
is a theory of massless 3d W = 1 supermultiplets obtained by decoupling all massive fields 
below the partial supersymmetry-breaking scale. The theory is expected to be corrected 
by order-Zp terms, and it would be interesting to examine to which extent these can be 
constrained. 

It would also be interesting to examine whether there exists an AA = 1 3d supergravity 
which also incorporates the light massive supermultiplets.^® Since the latter are of the 
order of the partial supersymmetry-breaking scale, such a putative supergravity would 
have to include a massive gravitino supermultiplet. In d>3 dimensions this is not believed 
to be possible, however since the three-dimensional case is somewhat degenerate there is a 
chance that such a supergravity exists. 

One of the reasons why three-dimensional M-theory vacua are interesting is their relation 
to F-theory. The starting point of most F-theory constructions are the 3d AA = 2 M- 
theory vacua that fall within the class of [3].^® On the other hand, from the perspective of 
eleven-dimensional supergravity, there is a very rich ‘landscape’ of solutions (although it is 
unlikely that they can all be promoted to genuine M-theory vacua) and there seem to be 
many more possibilities that have not yet been considered. The present paper was mainly 
motivated by this observation. It would be interesting to extend the search for F-theory 
duals beyond the paradigm of CY fourfolds. 
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A. Spinor and gamma matrix conventions 

For a spinor ^ in any dimension we define: 

^ := , (A.I) 

where C is the charge conjugation matrix. In Lorentzian signatures, we also define 

? := V’^Fo , (A.2) 

course the massive 3d W = 1 supermultiplets can be described within 3d W = 2 supergravity via 
the super-Higgs mechanism. 

^®Refs. [29, 30] are recent exceptions. 
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where the Minkowski metric is mostly plus. In all dimensions the Gamma matrices are 
taken to obey 


(rM)t ^ YoT^To . 

Antisymmetric products of Gamma matrices are defined by 

T^(”) _P 'p 

•— [Ml • • • J- Mn] ■ 


(A.3) 

(A.4) 


Three Lorentzian dimensions 


The charge conjugation matrix in 1 + 2 dimensions satisfies 

= -C; C* = . (A.5) 

The fundamental (two-dimensional) spinor representation is real. We define: 

r := loC-\* . (A.6) 

The Hodge-dual of an antisymmetric product of gamma matrices is given by 

*7(„, = (-1)7’“”-"7(3-„| . (A.7) 

For two anticommuting spinors y, ip we have; 

• (A.8) 

We also note the following useful properties: 

; lilx = -x7m , (a.9) 

and 

• (A-io) 


Eight Euclidean dimensions 

The charge conjugation matrix in 8 dimensions satisfies 

= C; C* = . (A.ll) 

The fundamental (eight-dimensional, chiral) spinor representation is real. In this paper 
we work with a complexified chiral spinor rj (i.e. eight complex degrees of freedom). We 
define: 

ri'^ := C-^r]* . (A.I2) 

The chirality matrix is defined by 

79:=7i...78. (A.13) 

The Hodge-dual of an antisymmetric product of gamma matrices is given by 

*7(n)79 = (-)^"("+')7(8-n) • (A.I4) 
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Eleven Lorentzian dimensions 


The charge conjugation matrix in 1 + 10 dimensions satisfies 

= -C; = Cr^; C* = . (A.15) 


The fundamental (32-dimensional) spinor representation is real, where we define the reality 
condition by 

e = ?. (A.16) 


We decompose the eleven-dimensional Gamma matrices as 


r/^ = 7/^(8)79 , /i = 0,1,2 

T™ = 1 (g) 7™-“^ , m = 3 ... 10 


(A.17) 


It follows that 

Cii = Gs (g) ^879 . (A.18) 

Given a complex spinor e the combination e -|- e'^ is real, in the sense of (A.16), where 

:= ToC-^e* . (A.19) 


In the case where the eleven-dimensional spinor e is of factorized form, e = C ® 0 with Q and 
6 three- and eight-dimensional spinors respectively, the complex conjugate of the tensor 
product is given by the tensor product of the complex conjugates: 




(A.20) 


B. SU{4:) structures 


As we will now review a nowhere-vanishing complex, chiral, pure spinor rj of unit norm in 
eight euclidean dimensions defines an SU{4:) structure. In eight euclidean dimensions not 
every complex chiral spinor is pure: the property of purity is equivalent to the condition 

rjr] = 0 . (B-1) 


Let r]fi, rji be the real, imaginary part of rj respectively. We will impose the normalization: 


r] = -^iVR + iVl) ; 


VRVR = mm = 1 > 


(B.2) 


so that = 1, and (B.l) is equivalent to rjR, rji being orthogonal to each other: rjurji = 
Vl'ilR = 0- 

Let us define a real two-form J and a complex self-dual four-form fl through the spinor 
bilinears 


iJmn — 'n^'YmnV 
^mnpq — 'n^mnpq'H ■ 


(B.3) 
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It can then be shown by Fierzing that these forms obey: 


J A A = 0 

—CiaCi* = 4 = volg , 

16 4! 


(B.4) 


up to a choice of orientation, and hence define an 5t/(4) structure. The reduction of 
the structure group can alternatively be seen from the fact that Spin{6) = 5t/(4) is the 
stabilizer inside Spin{8) of the pair of orthogonal Majorana-Weyl unit spinors pn, pj. 

As follows from the vanishing of the hrst Chern class of the CY, any other globally-dehned 
holomorphic top form hi is related to hi by multiplication by a complex constant. We can 
always gauge-fix the phase of p so that the holomorphic top forms fl, hi are related by: 



(B.5) 


Note that |np does not depend on the coordinates of the CY. 

Raising one index of J with the metric defines an almost complex structure: 


j p j n 


-5 


n 

m • 


Using the almost complex structure we can dehne the projectors 

with respect to which 17 is holomorphic 


(n+). 


^inpq 


= a 


mnpq ? 


(n- 


i 

)m ^^inpq 


= 0 


(B.6) 


(B.7) 


(B.8) 


It will be useful to have the decomposition of all tensors in terms of sn(4) modules. Under 
an so(8) —)• stt(4) decomposition the two-form, the three-form, the self-dual and the anti- 
self-dual four-form of so(8) decompose respectively as: 

28^ (6©6)© (1©15) 

56 ^ (4 © 4) © (4 © 20) © (4 © 20) 

35+ ^ (1 © 1) © (6 © 6) © 20' © 1 

35" ^ (10 © 10) © 15 . 

Following the conventions of [8], we explicitly decompose the forms as follows: 

• Real two-form 

Fmn = /2|ml + hJmn + (/2|mn + 

where rsj 15 is a real traceless (l,l)-form, f2 ~ 1 is a real scalar, 6 © 6 

2.\mn \ ’ / 5 ^ z, 5 Z\mn 

is a complex (2,0)-form. Note that given a complex (2,0)-form transforming in the 
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reducible module 6 © 6, one may form irreducible representations thereof by imposing a 
pseudoreality condition: 

(^(2,0) 1 i9^ pg(^(0,2) /g 

where 0 G 5^ is an arbitrary phase. 

• Real three-form 

Fmnp = fslmnp + ^f3\[rn'^np] + fs\s mnp + C-C- , (B-H) 

where ~ 20 is a complex traceless (2,l)-form, ~ 4 are complex (1,0)- 

forms. 

• Real self-dual four-form 

^innpq = fi\mnpq + ^fiJlmnJpq] + (^^fi\[mn'^P<l] h^rnnps + C-C.^ , (B.12) 

where ~ 20' is a real traceless (2,2)-form, /4 ~ 1 is a real scalar, ~ 6 + 6 is 

a complex (2,0)-form, /4 ~ (1 © 1) is a complex scalar. 

• Real anti self-dual four-form 

^mnpq = 6 / 4 ][mn'4’9] (■^ 4 |mnpi} ’ (B.13) 

where ~ 15 is a real traceless (l,l)-form, rsj 10 is a complex traceless (3,1)- 

form. The following identity can easily be shown: 

=0 ■ (B-n) 

We also list the following Hodge-duals: 


*/“’'> = -!/<“> A jy * A (B.15) 

♦/(A 2 ) = i/(A 2 ) A j . * (y(lA) A J) = i/(A 0 ) A j 2 . 


The following useful identities can be proved by Fierzing [31]: 

^ rS fS*rstu _ 1 

4! X 2^ 

= (n+)i’“ 

fi.A.fi*””’-* = (n+)[.’”(n+),,” (B. 16 ) 

^ = (n+)[ ”(n+) A(n+)nA 

= (n+)[.'"(n+),“(n+)/(n+)„». 
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Moreover, we have 


r]^rj = 1; 
V^^mn'n ~ iJmn'i 
'n^'JmnpqV ~ ~^J[mnJpq]] 
V^'ymnpqrs'n ~ 15i«7|' mn Jpq ^rs] i 

V^'JmnpqrstuV — 105(/j mn'JpqJrsJtul i 


rjrj = 0 
rjlmnV = 0 

V^mnpqV — ^mnpq 
V^mnpqrs'n — 0 
V'lmnpqrstu'f] — 0 , 


where we have made use of the identities 


y/d ^mnpqrstuJ J — ‘^^J[mnJpq] 

yJH ^vnnpqrstuJ — 

"s/Q ^mnpqrstu — ^^^J[mn^pq^rsJtu] 


(B.17) 


(B.18) 


Note that the bilinears rj'^(p)ri, vanish for p odd. The last line of equation (B.16) 

together with the last line of the equation above imply 


^[ijkl^mnpq] ~ ^ijklmnpq ■ 

Finally we also list the following relations: 


(B.19) 


'Jm'n = 


7mn7 — 'i'Jmn'kj „^mnpq')^^'n 
o 

^mnpV ~ ^iJ[mn^p]V ~ '^^mnpq^^V 


'ymnpqV 


3i 


^J[mn '^pq] V . J[ mn ^pq]ij7 ^V T ^mnpqV ■ 


(B.20) 


The action of 7 mi...mp) p > 5, on r] can be related to the above formulae, using the Hodge 
properties of gamma matrices given in appendix A. 

With the help of (B.20) and the tensor decompositions (B.12),(B.13), the following useful 
relations can be shown: 


F\p = - 12/47 + 16/4*7'^ - 

^ (B.21) 

where we define A := for any p-form A. In order to bring the self-dual four- 

form vacuum solution (2.4) in the form of (B.12) one must set = 0 

and /4 = I /4 together with /4 = g, Specializing (B.21) to that case we thus 

obtain: 

G «7 = -127(7-7^) ; G« 7^7 = 0 . (B.22) 
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C. Expansion basis for the light modes 

We will here give the details of the light-mode expansions used in the main text. As already 
mentioned in section 3, up to terms of order Ip, the light-modes coincide with the moduli 
of a fluxless compactification on a CY fourfold. In the next two subsections we will analyze 
separately the case of bosonic and fermionic modes. 


C.l Bosonic light modes 


In order to determine the bosonic moduli we must determine the variations of the bosonic 
fields that take a fluxless vacuum to another vacuum, up to terms of quadratic order in 
the variations. More precisely, we expand 

gMN = giMN + SgMN ; Cmnp = Cmnp + 5Cmnp ; V’m = + SipM , (C-1) 

where {gMN,CMNP,i’M) is the vacuum of section 2, so that 

gmn — gmn{y) j g^u — V^U i g^m — 0 

^d^rn^npq] — G-uinpqiy) i C^i/p — Cpi/p — Cpnp — 0 (^' 2 ) 

'tpM = 0 . 


The requirement that the ‘nearby’ held configuration {guN■,C mnp-,'^m) solves the eleven¬ 
dimensional equations of motion to linear order in the variations constrains the form of the 
latter. More specifically it is well-known that in the case of fluxless CY compactification 
the linearized eleven-dimensional Einstein equations determine the variations of the metric 
as followsd'^ 

iSg^i = Y, ; ^9-ai = E = o, (c.s) 

A=1 0=1 

where A = 1,..., is a basis of harmonic (1,1) forms on the vacuum CY, while 

is related to the basis of harmonic (3,1) forms = 1; • • • > h^’^} on the CY 

via 

'-a . (C.4) 

and we have found it convenient to introduce holomorphic/antiholomorphic internal indices 
from the beginning of the latin alphabet; a, 6, • • • = 1,..., 4 ; a, 6, • • • = 1,..., 4. Note that 
defined in (C.4) is automatically symmetric in its two lower indices, cf., (B.14). Using 
(B.16) the above relation can be ‘inverted’ to give: 

nabc% = 2^2bc, • (C.5) 

mostly follow the notation of [9]; one difference is in our definition of the Hodge star operator: 

^ p!(l/-p)! A ... A da;^“-P , 

with £ 01...10 = 1, and similarly in three Lorentzian and eight Euclidian dimensions. 

The A index in (0.3) may be raised/lowered using a Euclidean metric, = S^^es, etc. 
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We may think of the vacuum metric gmn as being dehned at a point (M^, Z°‘) in the space 
of moduli while the nearby metric gmn is defined at the point 

(M^, Z“) := (M^ + G DJI . (C.6) 

The variations {SM^, SZ°^) span the cotangent space of at the point {M^, Z"). In fact 
dJl has a structure of direct product (at least locally): 

931 = 93tfc X 9JIc , (C.7) 

where G 931^ parametrize the moduli space of Kahler deformations and Z“ G 93Ic 
parametrize the moduli space of complex structure deformations. 

We will denote by (J, fl) the Kahler and holomorphic forms of the vacuum CY defined at 
the point {M^, Z“) G 931, while those of the nearby CY dehned at the point {M^, Z") G 931 
will be denoted by (J, 13). The Kahler form depends linearly on the Kahler moduli: 

Y’l 

J = ^ . (C.8) 

A=1 

In contrast the dependence of the holomorphic form on the complex structure moduli is 
more complicated to dehne due to the variation of Hodge structures: as we move around 
in 93Ic a form that is (4,0) at Z“ G 93Ic will generally develop (4 —p,p), p / 0, components. 

Similarly for the threeform we expand 

/l2,l fel.l 

C = C+(^A^-^T/ + c.c.) + , (C.9) 

1=1 A=1 

where {'l'^^g(y), I = is a basis of harmonic (2,1) forms on the vacuum CY 

and A'^ = are three-dimensional one-forms; C obeys dC = G. Note that on a CY 

fourfold with full SU{A) holonomy (and not a subgroup thereof) the T^’s are primitive. 
Indeed if were not primitive * A would be a nontrivial harmonic (0,1) form - 
in contradiction with the Hodge diamond of a CY fourfold with full SU{4:) holonomy [32]. 
Furthermore, the T^’s are assumed to depend holomorphically on the complex structure 
moduli Z“ [9]: 

= aaiKiZ, Z)T^ + T^jjiiZ, Z)T^ ; = 0 , (C.IO) 

where for consistency we must have: 

dpdalK = -TalL^pLK 5 ^p'^alK = ~'’'alL^pLK ' (CTl) 

As already mentioned, the bosonic moduli (C.3),(C.9) are not lifted at order in Ip. The 
reason is that their mass terms enter quadratically in the action (and the equations of 
motion) and are therefore of order 3p. To verify this directly, let us note first that the 
variation of the four-form 6G = ddC induced by the variation of the moduli in (C.9) 
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vanishes, since 8C is harmonic. It follows that the linearization of the eleven-dimensional 
Einstein equations around the AA = 1 vacuum solution of section 2 receives contributions 
from the flux at order Ip or higher so that the expressions in (C.3) remain valid at lower 
orders. By the same reasoning the equation of motion for the four-form, linearized around 
the M = I vacuum solution, reduces to 


dSgi^G = 0{l%) 


(C.12) 


where on the left-hand side we have denoted by 5g-k the variation of the Hodge star induced 
by (C.3). Dropping the higher-order terms in Ip this equation can be rewritten as 


d * u = 0 


V := —.Gmnp^^gstdx^ A dx^ A dx^ A dx^ 


(C.13) 


where the Hodge star * and the contraction on the right-hand side above are taken with 
respect to the vacuum CY metric. Eq. (C.13) can then be seen to be automatically satisfied 
thanks to the harmonicity of 5g and G. 


C.2 Fermionic light modes 

The fermionic moduli are the superpartners of the bosonic moduli of section C.l; together 
they form the 3d AA = 2 supergravity multiplets described explicitly in section 3. 

Up to terms of order Ip, the fermionic moduli of the fluxless CY fourfold solution are given 
by the following expansions of the eleven-dimensional gravitino ipM- 


'll) ^ -L 7 

Wm — ^ ^ mnv < '/ W A ^ mnn I ' 


'' mnp I '/ ' '' mnp I '/ 

A"$" n*P1^y^77 4- A"'^l>" O 

I \A^A I \Ac^A . 


(C.14) 


+ A^e;;:;„7”^ + A^Y;:,7V; 

i’ti = XpV + Xpv'', 

where as in section C.l: I = 1,..., a = 1,, h^’^, A = 1,..., A^, A", A"^, are 

complex 3d spinors (four real components) and A*^ denotes the complex conjugate of A, cf., 
appendix A; Xp will be identified with a complex 3d gravitino; g is the covariantly constant 
spinor of the vacuum CY. 


D. Reduction 


In this section we give the technical details leading up to the effective actions (3.6) and 
(3.39). Our definition of the Hodge star implies; 

-kip A CO = d^Xy/dzg(^p^ ‘f ■ , (D-1) 

where p, cj are p-forms in D-dimensional space, and the plus, minus sign on the right-hand 
side above is for Euclidean, Lorentzian signature respectively; we have defined 

p ■ U -.= ■ (D.2) 
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The volume V of the internal CY fourfold is defined with respect to the CY metric gmn- 




Vau-Au ■■= 


4! 


eAi A ■■■ AeA„ A J‘ 


4—n 


Moreover we define; 

It follows that 

= 4Va ; —^ 

where Sa '■= d/dM^. Taking (B.15),(D.l) into account we have; 


Var VaVr 

dAduV = 12 Vab ; dAdB In Y = 12^ - 16- " 


Y2 


3! 


eAAJ^ = eAA-kJ = d^y ^/^ca ■ J 


(D.3) 

(D.4) 

(D.5) 

(D.6) 


On the other hand ca A is a harmonic top form hence it is equal to a constant times the 
volume element of the CY. From (D.4),(D.6) it thus follows that 


CA - J = 


4Y4 

V 


Furthermore expanding ca as in (B.9) taking (D.7) into account we obtain; 


21^ 

3 V 


-kCA = - — J^ - CA A 

^ ri T /■ r» 


(D.7) 


(D.8) 


We define; 


Gab ■= ^ I eAA-kCB = 


„Y4B VaVb 1 JA 

= -6-^ + 8-^ = --OaOb In Y 


(D.9) 


where in the first line we used (D.l), while in the second line we took (D.8),(D.4),(D.5) 
into account. Moreover from (D.7),(D.9) it follows that; 


J d“yy^y(8) e'^e'^Bgabdcd — “12Yab — 2VGab — —16 — 

where we used ig^i = From (D.5) we also obtain; 

Y4b 9^M^9^M^ = ^Y9^1nY5^1nY - ^VGABd^,M^d^^M^ 


VaVb 


(D.IO) 


(D.ll) 


From the fact that e/i A *6^ is a harmonic top form it follows that it is equal to a constant 
times the volume element of the CY. From (D.l) and the definition (D.9) we thus get; 


&A- eB = 2 Gab ■ 


(D.12) 


Inserting the above into (D.7) and taking (C.8) into account we arrive at; 

Ya = ^GabM^ . 


(D.13) 
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Moreover contracting (D.12) with the Kahler moduli and using J ■ J = A, which follows 
from (B.6), we obtain; 

^M^M^Gab = 1 ; M^Va = V , (D.14) 

where in the second equation we took (D.13) into account. It is also useful to define the 
following matrix; 

:= SS - ^ ■ (D.15) 

Using (D.14) one can show that ii is a projector and M^, Va are zero-eigenvectors on the 
left, right respectively; 

= R-, M^Ra^ = 0 ; Ra^Vb = 0 . (D.16) 

Similarly we dehne;^® 

0,J -■= -j/'Pi A**4 = iy, (d.17) 

where we used (D.l), and 

<*4/,; := y 64 A A = ly ■ (D-18) 

Then (C.8) implies; 

d-Aij = AidAGjj ; Gjj = . (D.19) 

Taking (C.IO) into account we also obtain; 

daGjJ = (JalKGj^J ; dadAlJ = ^alKdAKj ■ (D.20) 

The metric on the space of complex structure moduli is defined as follows;^® 

r 4>" A 1 /■ o -R - 

o.f -■= = wj " PnAw■ (D-21) 

To show the second equality hrst note that D A D* is a harmonic top form hence it is 
proportional to a constant times the volume element. From this, (D.l) and the fact that 
D is self-dual it follows that 

/daD* = 1/|DP. (D.22) 

Note that |Dp is constant with respect to the internal coordinates of the CY. Next, using 
(C.5),(B. 16),(D.l) and the fact that is anti-selfdual, one can show that 

y A = -13! y dS!,^ 6 “ 56 >“A , (D,23) 

^®This definition agrees with eq. (38) of [9]; the minus sign on the right-hand side of (D.17) accounts for 
the difference in our definition of the Hodge star. 

^®Eq. (D.21) corrects a sign typo in (36) of [9]. 
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from which the desired result follows. The metric can also be defined in terms of a Kahler 
potential: 

G^^ = dadf}K; K{Z, Z) :=-\n j n AQ* . (D.24) 

As follows from Van’s theorem, a Ricci-flat metric on a CY fourfold is uniquely determined 
by specifying a complex structure and a Kahler class. Moreover complex structure and 
Kahler deformations are independent of each other, which implies that at least locally the 
moduli space 5R of Ricci flat metrics has a direct-product structure, fUl = fUlc x where 
Tic and Ttk are the complex structure and Kahler moduli spaces repsectively, see e.g. [33] 
and references therein. A choice of Q, J thus specifies a point in Tic, Tlk respectively, and 
hence a point fUl. As we move in Tic the holomorphic top form Q varies holomorphically 
with Z°‘. Moreover rescalings of the form 17 —)■ /(Z)17, which depend holomorphically on 
but do not depend on the CY coordinates, do not change the complex structure of the 
CY. Thus 17 may be viewed as a section of a holomorphic line bundle over Tic [34]. Motion 
in Tic is described in terms of the Kahler-covariant derivative: 

VaQ = ; 517 = 5Z"I7„17 , (D.25) 

where 270- := da -|- daK. The above is consistent with the definition of the Kahler potential 
in (D.24) as can be seen by wedging both sides of the covariant derivative with 17* and 
integrating over the CY; it is also consistent with (C.3),(C.4). This follows by expressing 
the variation of the metric due to motion in Tic in terms of the variation of the complex 
structure, 5gmn = —iJmpSJn^, and taking into account that dJa^ oc 

D.l Bosonic terms 
Ricci scalar 

Inserting the metric ansatz (C.1),(C.2),(C.3) in the eleven-dimensional Riemann tensor, 
NRS = duT^SN — dsT^RN + T^rtC^STV — , (D.26) 

we obtain: 

= R 

g^'^R^ru = -\g^"V^Sg^n + \g^"g^'^d'^Sgmpd,5gnq 

g^^R^mrn = -\g^^ g^^ djgmnd'^ dg^, + \g^^ g^^ d’'5gmpd,5gnq 

g^^R^n^pn = -Ig^^vHg^n + \g^^g^'^d-Sg^pdJgr,, , 

where R and V denote the Riemann scalar and the Laplacian of the three-dimensional 
metric and we have taken into account that the internal metric gmn = gmn + 
satisfies the CY condition of Ricci-flatness. We thus obtain for the eleven-dimensional 
Ricci-scalar: 

R = R- \g^^g^^d''5gmpd,5gnq - \g^'^g^‘^djgmnd^dg^^ - V, [g^^d'^Sg^n) • (D.28) 
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We emphasize that, provided the internal metric is Ricci-flat, the above expression is exact 
in the sense that the variations 5g above do not need to be infinitesimal. On the other 
hand noticing that (D.28) is quadratic in 5gmn we conclude that in order to determine the 
latter we only need solve Rmnid + Sg) = 0 to linear order in the variations. This leads to 
the expansions (C.3). Passing to complex coordinates and using the expansions (C.3) this 
gives: 


1 




(D.29) 


Integrating over the CY coordinates, taking into account the definitions (D.3),(D.9),(D.21), 
and the identities (D.10),(D.ll), we arive at; 




d?x^^^){VR-VGABduM^d'^M^-2VG^-pduZ^d'^Zl^+Vdu In Vd'' In V) , 

(D.30) 


where we have partially integrated over the last term in (D.29) using the identity 

^pVa = ^Vgg'^^'dpgmn ■ (D. 31 ) 

Next we perform a Weyl rescaling in order to bring the 3d action to a canonical form. 


g = e^V ^ e^^R{g) = R{g') - 2{D - - (D - 1) (D - 2)g'^^dpad,a , (D.32) 


where D is the dimension of spacetime. Setting V = e ^, (D.30) becomes 

I diixy^^R = J d^x^f^^{R{g')-g'f^’'[GABdpM^d,M^+2G^^dpZ<^d,Z^+dplnVd,lnV]) . 

(D.33) 


Gauge kinetic terms 

From (C.9),(C.10) it follows that 

G = G + F^ A e^ + {DN^ A + c.c.) , (D.34) 

where := d^"^ and 

DN^ := dN^ + dZ^N'^aaji + dZ^N'^f^^jj . (D.35) 

Inserting this in (3.4), applying the same Weyl rescaling (D.32) as before, the reduction of 
the gauge kinetic term gives 

I d^'xy^^G^ = J d^x^f^^{-W^g'f^^g'P^GABF^pF,^,-iV-^g'f^’^GjjDp^^ . 

(DM) 
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Chern-Simons term 


Inserting (D.34) into (3.4) and neglecting terms of order 0{lp), the rednction of the Chern- 
Simons term gives; 

j C AG AG = j A DN^ A DN-^ - A F®) , (D.37) 

where we have defined following: 

T-=\jGA.f- QAB-.= \dAdBT=-^j GAe^ Ae^ . (D.38) 

Putting together (D.33),(D.36),(D.37) and dropping the primes of the Weyl-rescaled terms 
to simplify the notation, the complete bosonic action reads, 

= ^ j - GABduM^d'^M^ - 2G^-pd,Z^d^ - dA^VdAnV 

- ^V^GabFI^^F^^^’' - W-^GijDf,N^D>^N'^) 

- + e^^'^PQABApl^p + 0{l%)] , 

(D.39) 

where for the Chern-Simons terms we have taken into account that = — 1. To put the 
above into a more canonical form we perform the following coordinate transformation: 

:= V-^{M)M^ , (D.40) 

and we define the the corresponding Kahler form and volume function: 

J := M^ba ; V{M) ■=^ j = V-^{M) . (D.41) 

In particular the derivative with respect to the new variables is related to the derivative 
with respect to via; 

Sa = -^VAM^dB + VdA , (D.42) 

from which obtain the expression for the redefined Kahler metric: 

Gab = -IBaBb In K = V^Gab ■ (D.43) 

^°This is in agreement with [9, 10] up to an apparent minus sign difference in the last term and a difference 
in the normalization of more specifically we have: = A^‘‘'®‘'®/vT. Note however that the sign 

of - lo is not specified in these references. For example (A.l) of [9] is inconsistent with a Minkowski- 
signature metric. On the other hand taking into account that, 

J dAijA^ A DN^ A DN^ = ^j d^ij {n^DN'’ - N'’DN^'^ A , 

the sign of the last term of (D.39) can be seen to be in agreement with eq. (3.34) of [11]. 
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Moreover we set in analogy to (D.19): 

Gu := = V-^Gjj = • ^j) , (D.44) 

where the last equality above follows from (D.1),(D.17) and the fact that 'h/ A is a 
harmonic top form and hence equal to a constant times the volume element of the CY. 
After the above redefinitions and a further rescaling —)• /y/2, the bosonic action 

reads as in (3.6), which we also reproduce here: 

= - GAB{d,M^d-M^ + 

- 2G^-pd^Z^d^Z^ - 2GjjD^N^D^N-^ 

- + 0 ( 1 %)] . 

(D.45) 

Note that the two-derivative terms above are already quadratic in the variations, as follows 
from the remark below (3.2). Hence within the quadratic approximation we may promote 
the couplings Gab (M) ,, which are evaluated at the vacuum, to full moduli-dependent 
couplings Gab{M) —^ Gab{M), etc. 

D.2 Fermionic terms at the M = 1 vacuum 

For the purposes of this section we will fix all bosonic moduli to their vacuum values: 

—7- 4>. We will however omit the circles above the bosonic fields to keep the notation 
simple. 

Taking into account the fact that 4'^, are harmonic and J, H are covariantly 

constant, it follows that 

7”V[mV'n]=0. (D.46) 

Let us illustrate this for the terms in (C.14) proportional to the A“ modes, for which the 
derivation is slightly lengthier. Neglecting all irrelevant numerical factors, one expands: 

~ V^($“ • n)v + + iV„(chY J™)7^'S'^ + iV^(4>T J“)7^S'= , 

(D.47) 

where we used (B.16), (B.20) to pass from the first to the second line; to go from the 
second to the third we used the vanishing of d<h" (which follows from the fact that is 
harmonic, the covariant constancy of J, H, and the definition of the holomorphic projector 
(B.7). Moreover each term in the last line vanishes: the first by virtue of the fact that 
is a (3,l)-form; the second by virtue of the vanishing of d^^°‘ which follows from the 
fact that is harmonic; the third term also vanishes for the same reason since it is equal 
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to depending on whether the index m is holomorphic or antiholomorphic; the last 

term vanishes by virtue of the fact that <1>“ is primitive. Similar manipulations can be used 
to show (D.46) also for the terms in (C.14) proportional to the A^, modes. 

Taking (D.46) and the gamma-matrix decompostion (A. 17) into account, the fermion ki¬ 
netic terms in (3.5) reduce to; 

® 79)V.V^p + 4^™(7"^ ® 7”')V.V’p - 2^„^(7" ® 797™nV.V^p , (D.48) 

where we also used that VmV’p = 0; a-s follows from the spinor ansatz (C.14) and the fact 
that r] is covariantly constant. Moreover the first term in (D.48) gives: 

2^^(7^"^ ® 79)V.V’p = 2 (x^7^""V,Xp) + c.c. . (D.49) 

It is straightforward to see that the second term in (D.48) does not depend on the A", A^ 
modes: this is a consequence of the fact that the part of the spinor bilinear 'ip^n ® rj that is 
linear in does not contain an stt(4) singlet. The same is true for the terms linear 

in the primitive part of e^. More specihcally we have: 

4^„^(7"^ ® 7™)V.V^p = 8i{e^ • J)(A^V^V,Xp) + c.c. , (D.50) 

where we used (C.14) and (B.20). However the canonical form of fermion kinetic terms 
[13, 14] does not contain cross terms between A and x^l■ This can be accomplished by 
redefining the gravitino as follows: 

Xp = - 2i(e^ • JhX , (D-51) 

so that the fermion kinetic terms do not contain cross terms between A and Xp- Proceeding 
in a similar manner, the third term in (D.48) gives: 

-2^™(7" ® 797’"'’)V.V’p = [4(e^ • e^) - 8(e^ • J)(e^ • J)] (A^VV.A^) 

+ 322®($“ • $^)(A“VVi.A^) + 32(T^" • T-^)(y VV^A-^) + c.c. 

(D.52) 


Putting together all the above we obtain the following kinetic fermion terms, 
2(4VV,x;) + [4(e^ • e®) + 8(e^ • J)(e® • J)] (A^'= 7 "V,A^) 


(D.53) 


+ 322®(I>“ • 4>^)(A“VV^A^) + 32(T^ • T'^)(y VV^A-^) + c.c. 
where we used the redefined gravitino, cf. (D.51). 

In terms of the redefined fields (3.7),(3.9) the kinetic terms (D.53) can be written as: 

2(x;VV,xp +4(e'^ • e'^)(A'^'^7"V,A'^) 

+3228($“ . 4>^)(A“‘^7'^V^A^) + 32(T^" • T^)(A^‘^ 7 '^V^A'^) + c.c. (D.54) 

+3^23 [(A+7"V,A+) + (A-7"V,A-)^ 
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where we defined; 

0+:=0 + r; 9 -:=-i{9 - 9^) , (D.55) 

for any fermion 9. 

Inserting the decomposition (A.17) of the eleven-dimensional gamma matrices in the fermionic 
Lagrangian (3.5) we obtain the following mass terms, 

® ® + 24^^’(1 ® 7 '""^-)^'^] , (D.56) 

where we used eight-dimensional Hodge duality (A. 14) and taken into account the self¬ 
duality of the four-form flux at the vacuum; P± := ^(1 ± 79 ) are the eight-dimensional 
chirality projection operators. We must then insert in the above the decomposition (C.14) 
of the eleven-dimensional gravitino. Let us first list the following useful intermediate results; 

® ® (?? - nl + c.c. , (D.57) 

where we took (2.4),(B.22) into account. Moreover, 

GpqrsiY ® 797 ”^'^’’^)V'n = -3^2^ig{eA ■ 0 (?? - + c.c. , (D.58) 

where we used (B.16), (B.20). The fact that there are no terms on the right hand side other 
than the ‘trace part’ of can also be understood by representation-theoretic arguments. 
For example, in order for the primitive part of (which transforms in the 15 of su(4)) 
to appear, the tensor product of G ~ 20' 0 1 and 6(4 ~ 15 should contain either a singlet 
or an (anti)holomorphic two-form (which transforms in the 6 of su(4)). This is because 
the part of proportional to ca contains an even number of gamma matrices, cf., 

(C.14), and thus can be brought using (B.20) to the form sa'I]'^ or eA'ymn'n^- However 
neither 1 nor 6 is in (20' 0 1) 0 15. By an entirely analogous reasoning it can be seen that 
all terms proportional to <I>“ ~ 10 vanish. Finally, a similar argument can be used to show 
that there can be no terms containing T/. In this case the part of proportional 

to T/ contains an odd number of gamma matrices, cf., (C.14), and thus can be brought 
using (B.20) to the form ^ijrnV or Hence for to appear, the tensor product of 

G ~ 20 ' 0 1 and T/ ~ 20 should contain either a holomorphic (4) or an antiholomorphic 
one-form (4) - which is not the case. 

The last term in (D.56) gives; 

Gpqrsra ® =2 + HeA • es) + 8 g{eA • J)(es • J)] (A^'^A^) 

- 245 [(cA • es) - (cA • J){eB ■ ^)] (A^A®) 

- - 3^29^^“ . 4>^(A“‘^A^) 0 c.c. . 

(D.59) 

As before, the fact that the T/ terms drop out can be seen by purely representation- 
theoretic arguments. First one notes that the P- projector on the left-hand side of (D.59) 
projects out all terms quadratic in T/; then one notes that there are no singlets in the 
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decomposition of the tensor products 'h/ ( 8 ) ( 8 ) G or 'I'/ ( 8 ) ( 8 > G- By a similar argument 
one shows that there can be no terms of the form ( 8 ) < 8 > In the derivation of 

(D.59) we have made repeated use of (B.16),(B.17),(B.20) as well as the following identities; 


^plmJ^n] = 0 , (D.60) 

where is any (l,l)-form, and 

_ O 

0*e/gh„afecd _ gh„abcd 

^-abce^dfgh^^ 9(2,2) “ ^^dbef^^cdgh^^ 9(2,2) 

- ..U)^ Q*-^jkl pqrs /q 

— Q*ijkl vqrs 

— ^^pqri^sjkr‘‘ y(2,2) ’ 

where the first line is expressed in terms of holomorphic/antiholomorphic indices whereas 
real indices are used in the third and fourth lines. Eq.(D.61) can be shown by using the fact 
that the full antisymmetrization of five holomorphic (or antiholomorphic) indices vanishes. 
In particular the second line above makes manifest that this expression is symmetric in 
{a, /3), which can also be seen from the fact that there is no singlet in the decomposition of 
A^IO ( 8 > 10^ Furthermore this symmetry property is indeed consistent with the symmetry 
of (A“A^), cf., (D.59), as follows from (A. 8 ). 

Putting together the above, we obtain the following mass terms: 


e(4”eg g!;^npq + ^^(eA 


es) + 80g{eA ■ J){eB ■ J) (A^'^A^) 


+ g [I2(eA • es) - 84(eA • J)(eB • J)] (A^A^) 

+ + 3 ^ 285 !.“ . d.^(A“'^A^) + c.c. 

+ ^9ix'p7^''x',7) + 86g{eA ■ J)i^^^7''x',7) , 


(D.62) 


where we took (D.55) into account and we used the redefined gravitino (D.51). In terms 
of the redefined fields (3.7),(3.9) the mass terms (D.62) can be written as: 


9mnpq + ^9{(^'a ' ^b) (A'^'^A''®) + 125 ^( 6 ^ • 


-pq^q'-rskl^^ ' 5f2^2(A“A^) + 3 ^ 285 $'^ •<h^(A-A^)+C.C. 

+ 65(x'-7^"x'.-) + 24325(A+7"x'.-: 




(D.63) 


A o4q4„^\+\+\ 
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